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1 Application of the Information Bottleneck to LPAD Learning

In order to apply the Information Bottleneck (IB) to LPADs, the network G, is the result of the
translation of the LPAD for which we want to learn the parameters plus the addition of the Y
variable. The set of hidden variables contains the vector of the choice variables CH plus those atoms
that are unobserved in the data, let us call them T. With X we indicate the set of atom variables
that are observed in the data.

Suppose you want to learn the parameters of an LPAD using IB. Consider the LPAD L:

ri=z1:04V22:0.3.

ro =22:0.1Va3:0.2.

rg=x4:0.6Vx5:0.4+ x1.

rg =ax5:04 + x2,23.

rs =26 :0.3Va7:0.2 < 22 5.
The Bayesian network equivalent to L is shown in Figure 1. In order to apply IB to LPADs, the

Fig. 1. Bayesian network

network G,,; is the result of the translation of the LPAD for which we want to learn the parameters
plus the addition of the Y variable.
For the G;,, network, we consider a naive Bayes factorization:

Q(CH,T|Y) = [TecmM [ y).

In G,.:, the choice variables and the unobserved variables are the only parents of Y. In fact,
given the choice variables and the unobserved variables, the X variables are uniquely determined,



Fig. 2. Gin = Q (left) and Gour = P (right)

and so is the instance identity (assuming there are no duplicate examples, but this can be modeled
by assigning them a different prior probability Q(Y")).

Consider the LPAD L. Moreover, suppose that x5 is unseen in the data. The networks G;,, and
Gout for this LPAD are shown in Figure 2. According to IB, the chosen ) distribution must be such
that unobserved variables are independent of observed ones given Y. This requirement is satisfied
by Gin in Figure 2. As regards P, CH and T must be the only parents of Y. This requirement is
also satisfied by G,q+: in fact, the observed variables are completely determined by knowing CH and
T and so it the instance identity.

Note that for the network to be well defined the LPAD must be acyclic.

A ground normal logic program is acyclic [1] if the ground atoms can be assigned an integer level
so that the level of the atom in the head of each rule is higher than the level of each atom in the
body.

A disjunctive logic program is acyclic if the ground atoms can be assigned an integer level so
that the level of each the atom in the head of each rule is the same and it is higher than the level
of each atom in the body.

Let us compute the objective function Lg,; for such a case

Lpym =1o(CH, T;Y) — v(Eg[log P(X, T,CH)] — Eq[log Q(CH, T))) (1)
where
Io(CH.T:Y) = H(CH, T)k:gHe(CH, T|Y) _
—Eq[log Q(CH, T)] + Eq[log Q(CH, T|Y)] =
~Eqllog Q(CH, T)] + 3 Eqlog Q(CHi[Y)] + ) +Eqllog Q(Ti[Y )]
and

Eqllog Q(CH, T)] ~ 3 S Eqllog Q(CHy)| + 3 Eqllog Q(T)

following [2]. Thus
Loa = Egllog Q(CH, T|Y)] - vEgllog P(X, T, CH)| + (1 — 1)Eglog Q(CH, T))) =
Z Eqlog Q(CH;|Y)] + Z Eqllog Q(Ti|Y)] — vEq[log P(X, T, CH)] +

(v=1)D_Eqllog Q(eha)] + (v~ 1) 3 Eqllog Q(¢:)]



2 Stationary Points of Lgy,

In this section we describe how to find the stationary poins of Lgj;.

Proposition 1 (Stationary points of Lgys). Let Ley be the function (1). Q(chsly) and Q(t;|y)
are stationary points of Lgy with respect to a fized choice of P if and only if for all values ch;, t;
and y:

1
ch; — : ch; l—we"yE]P’(C’u,y)7
Qehly) = 5 Qleh)
1
tily) = —————Q(#;)t 7 EP(tiw)
QW) =z @

where

Zeu(i,y,7) ZQ ch/ 1- "/e’Y]EP(Chwy)
ch,

z ) ZQ 1—y ’YJEIP(t“y)

are normalizing constants, and

IE]P)(Chi) y) = ]EQ(CH,T|chi,y) [log P(X[y]v T7 CH)L

EP(t;,y) = Eq(cH, Tty log P(x[y], T, CH)].

Proof. We want to find the stationary points of Q(ch;|y) and Q(¢;|y) under the constraint that

ZQ(Chi|y) =1
ch;
ZQ(M?J) =1

for any .
Using Langrange multipliers, we want to optimize:

L =Eq[log Q(CH, T|Y)] — v(Eq[log P(X, T, CH)] + Eq[log Q(CH, T)])(y — 1)+

TG | Satentn -1 ) + ST | St -1
iy t!

ch,

Computing the derivative of £ with respect to Q(chiolyo) and Q(tiolyo) we get

OEq[log Q(CHL|Y)] 0 ny .y Qlchi,y) log Q(chkly) B
9Q(chiolyo) N 9Q(chiolyo) B
Q(chi, yo)

(Q(yo) log Q(chi|yo) + ) 1{i0 = k, chjo = chy} =
Q(chi|yo)
Q(yo)(log Q(chy|yo) + 1)1{i0 = k, chip = chy}



OEqlog Q(Ti|Y)] — 9224, Qtk,y) log Qtxly)
0Q(tiolyo) 9Q(tiolyo) B
Q(tx, yo)

<Q(y0) log Q(tx|yo) + Q(tk|y0)> {0 = k,tig = tx} =
Q(yo)(log Q(tk|yo) + 1)1{i0 = k, tio = tx}

OEgllog P(X,T,CH)] 0> chyyx@(ch t,x,y)log P(x,t,ch)
9Q(chiolyo) B 9Q(chiolyo) B
Z 9Q(ch, t,x,y)
i 9Q(chiolyo)
3 9Q(ch, t,x|chi, y)Q(chi|y)Q(y)
it 9Q(chiolyo)

Z Q(Ch7t7X|Chi0aZ/0)Q(y0) IOgP(X,t,Ch) =
ch¢{ch;},t,x

QWo0)Eq(cH,T|chio,y0) 10g P(x[yo], T, CH)]

log P(x,t,ch) =

log P(x,t,ch) =

OEo[log P(X, T, CH))
0Q(tiolyo)

= Q(Yo)EQ(CH,T|t:0.y0) 108 P(x[yo], T, CH)]

0Eg[log Q(CH, T)] B
9Q(chiolyo) B

0Q(chy) log Q(chy) 0Q(tr)log Q(tr)
ZZ 9Q(chiolyo) ZZ dQ(chiolyo)

0Q(chy) 0log Q(chy)
ZZ 0 (chlye) 2B QL)+ %Q(ehw eI

oQ(tr) alogQ(tk) _
ZZ 0Q(ch; 0|Z/o Q) + ZQ t) Q(chiolyo)

93, Qlchkly)Q(y) 0log Q(chy)
ZZ 2Q( cholyo) o gQ(Ch’“)+§Q(Chk)acg(chio|yo) -

9>, Qtrly)Q(y) 310gQ(tk) _
ZZ 0Q(ch; \yo) Q) +ZQ t) 0Q(chiolyo)

032, Qlchkly)Q(y) 1 0%, Qchily)Q(y)
Z%} 90 ch0|y0) 1gQ(Chk)+§Q(Chk)Q(chk) oQcholy)

3Zy Q )Q(y) 10X, QUrly)Qy)

Q(¥o)

Q(yo) 10g Q(Chlo) + Q(Chlo) Q(Chzo)

= Q(yo)(log Q(chio) + 1)

0Eqg[log Q(CH, T)]

9Q(tiolyo) = Q(yo)(log Q(tio) + 1)




Therefore

(%2(35(”%) = Q(yo)(log Q(chiolyo) + 1) = ¥Q(yo)Eq(cH, Tchi0.0)[108 P(X[yo], T, CH)| +
(v = 1)Q(yo)(log Q(chqo) 4+ 1) + )\zciijl =
Q(yo)(log Q(chiolyo) + 1 = YEqQ(cH,T|chso,y0) 10g P(x[yo], T, CH)] +
(v — 1)(log Q(chip) + 1)) + A3 =
Q(yo)(log Q(chioyo) + 1 — YEQ(CH,T|chio.y0) 108 P(x[yo], T, CH)] +
1(log Q(chio) + 1) — log Q(chig) — 1) + AT =

;Y0
Q(yo)(log Q(ch 10|y0) YEQ(CH, T|chio.yo) 108 P(X[yo], T, CH)] +
v1og Q(chio) + v — log Q(chig)) + A pn

oL
30(talve) Q(yo)(log Q(tiolyo) — YEQ(CH, T|ti0,y0) 10g P (X[yo], T, CH)] +

v1og Q(tio) + v — log Q(tin)) + AT, Yo

Dividing by Q(yo) and equating to 0

Qehiolyo) = ¢~ X0/ QI Q(chyg) '~ Horwo)
Q(tiolyo) = e Ao /RWO) QL)' ~ B (tio-w0)

where

EP(Chiu y) = ]EQ(CH,T\chi,y) [log P(X[y]v T» CH)]
EP(t;,y) = Eq(cH, Tty log P(x[y], T, CH)]

Normalizing we get

ch;ily) = ——Q(ch; 1= ,YEP(chi,y)
Q( |y) ZCH(Z7?J"7)Q( )
1
tily) = ———Q(t;) 7 EF (i)

Qi) ZT(l,y,v)Q( )
where

Zou(i,y,7y ZQ (ch}): VEP(ch]y)

ch

(i,y,7) ZQ 1 ¥ o VEP(t7,y)

3 Derivatives of G, (Q,7) and Gy, ,(Q,~)
Let us now compute the continuation direction. The G functions are
Genyy(Q,7) = —log Q(chkly) + (1 = ) log Q(chy) + YEP(chy, y) — log Zeu(k, y,7)

Gy y(Q,7) = —log Q(tkly) + (1 —v)log Q(tx) + YEP(ty, y) — log Zr(k,y, )



We apply a computation similar to the one in appendix B in [3].

Let us first express the parameters of P: 0, pas, = 1if z; € val(pa, ) and 0 otherwise, where
val(pa,, ) is the set of values assumed by pa,, . For a non ground rule r, 1et OHd, —hd, |body, O Simply
Ohd, |body7 be the probability that the head hd is selected given that the body has truth value body,..
Let i(r) be the set of instances of r and, given a ground rule k, let (k) be the non ground rule of
which k is an instance. Given the body pa,, of instantiated rule k, let bt(pa,y, ) be 1 if the observed
variables in pa., do not make the body false and 0 otherwise. Let tb(pa,;, ) be a set of values for
the unobserved variables that are parents of chy. The values are those that do not make the body
false.

The values of 01,4, pody, are

aHdr:nulealse =1.0

9HdT::n|t'r‘ue =0.0

Zséi(r) Zy Q(y)Q(Chs = hd,|y)bt(pa.y, [y]) Htietb(pachs) Q(tily) + ar, hdy, true)

O erue = S e 3y QW08 0D s crniom, ) QUElY) T alrstruc)
Y s.chaci(ry N (8, hdy) + a(r, hd,, true)
N(r) B
N (r, hd,.)
N(r)
Let

N(s,hd,) =" Q)Q(Chy = hd,[y)bt(pay,. [v])  [[  Qly)

Y ti Etb(pachs)

The derivatives of the parameters are:

ON (s, hd,.)
20 (cholye) bt(pa, - hio = hd,
aQ(ChzO|y0) Q(yo) t(pa(,hs [yO]) . etbl(:;[ach ) Q(t] |y0)1{c 0 }
ON (r, hd,)
90(chalun) b : hio = hd,
9Q(chiolyo) Q(vo) sg(:r) t(pa.p, [vo]) tjEtbl(;[aCh )Q(tﬂyo)l{c 0 }
_ON(r)  _
dQ(chiolyo)
d. hd,
ég Es | )) Q(y0)Q(Chs = hd,|yo)bt(pag,_[yo]) 11 Q(tilyo) 1{tio € th(pa,, )}
toldlo ti€tb(pacy,)\{tio}
0. hd
8/22/ (r, | ) _ Qyo) > Q(Chy = hdy|yo)bt(pa,,, [yo]) 11 Q(t;1yo)1{tio € th(pay, )}
(tiolyo) sei(r) t;€tb(pay,, )\ {tio}
ON(r)
00T = Qo) ) bi(pac, [vo)) Q(t;]yo)1{ti0 € th(pa,,. )}
9Q(tiolyo) sezi(‘;) h tjEtb(pz];‘!:S)\{tio} j h
‘%Ijlpa%
9Q(chiolyo)
80%‘15’3%

0Q(chiolyo) B



aez.i ‘pamj

0Q(tiolyo)
aetk|patk o
0Q(tiolyo)

04, | fase
0Q(chiolyo)

aghdﬂtrue _
9Q(chiolyo)
ON (r,hd,. ON (r
stV (1) + N (r, hdy) ot _
N(r)?
2sci(r) VtPacy [9o]) 1Ty, crvpa,, ) @(Ei1y0)H{chio = hd,}
Q(yO) N(’I")
aehdr\true _
9Q(tiolyo)
ON (r,hd, ON (r
Sttt N () + N hy) 55t iy _
N(r)?
Q(yo) ZsGi(r) Q(Chs = hd,|yo)bt(pa,y, [yo]) Htjetb(pachs)\{tm} Q(t;lyo) {tio € th(pagy,)} n
N(r)
QW0) Xsci(r) VEPA, o)) T11, cnipa,, ity Qi lvo) Htio € tb(pacy, ) IN (7, hd,)
N(r)?

Let us now compute %. We can express log P(x[y], t,ch) with respect to ch; as

log P(X[QL t7 Ch) = Z lOg 9Hdr(i):chk\true + Z 1Og GHd,‘(i):cthachk [y]

ket(i,y) kgt(i,y)
+D 10804, 1pa, [V] + Y 1080, jpa,,
j k

where t(4,y) is the set of indexes of choice variables chy, that are instances of rule r(7) and such that
the instantiated rule k has the body true with respect to x[y], t. Since the summations >, o, ;

Y)
and > y have 0 derivative, it is possible to prove that
Proposition 2 (Derivatives of log P with respect to Q(chio|yo))-

dlog P(x[yo], t, ch)
= D (s hio, tb ,
aQ(ChiO|yO) Q(yO) (ZJO,C t(i,y0)» CILi0 (pacht(wo)))

where chy; ,y is the set of choice variables chy with k € t(i,y), and
D(yo, chy(i,yy) chio) =

NG <Zk,ket(i,yo) T — > N (i, chi(iyo), chio, th(pag, , )

(i) =Cchiltrue

with N(Z7 Cht(i,yo)’ Chi(), tb(pacht(i7y0))) = Zset(i,yo),chm:chs Htjetb(pachys) Q(tj|y0)



Proof.

a log P(X[yO]a ta Ch)
0Q(chiolyo)

1 aeHd,‘(,ﬂ,):chkﬁrue _
oHdT(i):chk\true 8Q(Ch’i0|y0)

ket(i,yo)

Qy) > !

HtjEtb(pachs) Q(t;lyo)1{chio = chs} B
ket(i,y0) eHdT(i):Chk\true

N(r(i))

s€t(i,y0)

s 2 g » I Qlwtcho=dh} =

070 _
ket(iyo)  Hdrm=chrlirue oy ) tictb(pa,,.)

1 1

Q(yo)m Z H Q(t;lyo){chio = chs} | =

0 L
Hdyy=chp|true s€t(i,yo) t; Etb(pachs)

ket(i,yo)
1 1
Q(yo)m Z 9o Z H Qtjlyo) | =
ket(i,yo) Hd,y=ch|true s€t(4,y0),chio=chs tjEtb(pachs)
1 . .
Q(yo)mT(% chi(i o) )N (0 Cha(i o), Chio, th(Pacy, | 1)) =
Qo) D (Yo, chu(i,yy), hio, th(Pagy,, 1))
where chy(; . is the set of choice variables chy with k € t(i,y). O

Let us now compute W. We can express log P(x[y], t,ch) with respect to t; as

10g P(X[y]; t, Ch) = Z IOg 9Hd,‘(k):ch;C [true + Z log eHdNi):chk |pa
keb(ti,y,x[y] t) kgb(ti,y,x[y].t)

Z log 9m_7 |pawj [y] ++ Z IOg etk |Patk
j k

[y]+

chy,

Let b(t;,y,x[y],t) be the set of indexes of instantiations of rules for which ¢; appears in the body
with a matching truth value and such that the body is true with respect to x[y], t. The summations

Dokb(tsyxly) t) 2o and Yo, have 0 derivative with respect to Q(tiolyo)-
Proposition 3 (Derivatives of log P with respect to Q(ti0|yo)).

0log P(x[yo], t, ch)
0Q(tiolyo)

= Q(yo)F (Yo, ech(tio), et(tio))
where

F(yo, ech(tio), et(tio)) =
Q) >, Q(Ch, = chylyo)bt(Pay, [vo))

keb(tio,yo,x[yol,t) s€i(r(k))
I civ(pa,,. )\t @i lY0) HEio € th(pacy, )} 1 o
N(T(k)) ng,.(k)=chk\true

and ech(t;o) is the set of chs where s € b(tio, Yo, X[yo],t) and et(tio) is the set of t; such that t;
appears in the body of a rule s with s € b(t;o,yo,X[yo], t) with a matching truth value.



Proof.

dlog P(x[yo], t, ch)
9Q(tiolyo)

1 aeHdT(k):chMtrue
Ord, y=chiltrue  OQ(tio|yo)

keb(tio,yo,x[y],t)

Q) Y !

0 el
keb(tio,yo,x[yol,t) Hd, gy =chitrue

Q(Y0) Xsci(rry) QUCHS = chilyo)bt(Pacy, [Yo]) ITu crvipa,, )\ (o) @Ej190)H{tio € th(pPacy, )}
(r(k)) JEtb(Pacy,)\{ti} N

N(r(k))
Qyo) Zsei(r(k)) bt(pa,, [yo]) Ht;. etb(pay, )\ {tio} Q(t}|yo){tio € tb(pa, ) YN (r(k), chy) B
N(r(k))? B
Q(yo) > L > Q(CH, = chylyo)bt(pay, [yo]) -

keb(tiopmlyol ) OHdrt=chultrue 1T,
(Ht;etb(pachs)\{tio} Q(t]lyo){tio € th(pacy,)} N

N(r(k))
I civtpa,, (o) @E|v0)Htio € th(pag, )N (r(k), chy) B
N(r(k))? B
Q) Y > QCH, = chylyo)bt(pag, o)) -

keb(tio,yo,x[yo],t) aHdr(k):chk\tTW sei(r(k))
I cvpa, ity @Eilyo)H{tio € th(pac,,)} (1 . /\/’(r(k),chk)>
N(r(k)) N(r(k))
1
Q(vo) Z I Z Q(Chi = chylyo)bt(pay,, [vol) -
kEb(tio.yoxyol,t)  Hlrtmy=chiltrue ;o)
ILis ctnipa,,, 0y @(EilY0)1{tio € th(pacy, )}
N () (14 04, =chuirae ) =
Q(yo) Z Z Q(Chiy = chylyo)bt(pay, [yo]) -
keb(tio,yo,x[yo],t) s€i(r(k))

Ht;etb(pachs)\tm Q(t;|yo) H{tio € th(pa,y,,)} < 1 N 1)

N(r(k))
Q(yo)F (yo, ech(tio), et(tio))

eHdr(k):chﬂtrue

Proposition 4 (Derivatives of EP(ch;,y) with respect to Q(chio|yo))-

8EP(C[’L¢, yo) o
dQ(chiolyo)
Q(yo) > 11 Q(chilyo)

chi€cht(i,y0)\{chi}tE€tb(Pay, , ) chiche(iy0)\{chi}



H Q(tl|y0)D(y07 Cht(i,yo)a Chi07 tb(pacht(iyyo) ))

tietb(pacht(i,yo) )

Proof.

OEP(chi,yo)  OEqQ(CH,T|ch, yo)l0g P(x[yo], T, CH)]
dQ(chiolyo) 9Q(chiolyo)
B Gzcmt Q(ch, t|ch;, yo) log P(x[yo], t, ch)
a 9Q(chiolyo)

0 log P(X[y()]a t, Ch)

_ 0 20Uk bt o)1 piyy), 6, ch) + Q(eh, tlehs, o)

0Q(chiolyo) 0Q(chiolyo)

ch

The first term is 0 because Q(ch, t|ch;,yo) is constant with respect to Q(chiolyo). Thus
aEP(Ch“ yO) - E [alog P(X[yOL tv Ch)
dQ(chiglyo) — A CHTIRITTT5Q higlyo)

EQ(cH.Tlchi.y0) [Q(10) D (o, Chy(iyy), chio, th(Pacy, ., )){chi = chio} =
Q(o)Eq(cH,Tich, pa,,,0) [P (Y0; Shiiye), chio, tb(pacy, ,  )){chi = chio}

}{Chl = Chio} =

Eq(cH,TIchio.y0) [P(H0; Chi(iyo), chio), tb(Pacy, , )] =

Echk €chyi(i,y0)\{ch;},tetb(pa

hi(iyy

)) Q(Cht(i,yo)ttb(pa o ) |yO)D(y07 Cht(i,yo)v Chi(h tb(pacht(i‘yo) )) =
0

ehi(i,y

ZcthCht(Lyo)\{chi},tetb(pach ) HcthCht(Lyo)\{chi} Q(chk|yo)

t(i,y0

Htietb(pach“ ) Q(tilyo) D (Yo, chu(iyo), chio, tb(Pacy,, | 1))
L Yo

i,

Proposition 5 (Derivatives of EP(¢;,yo) with respect to Q(ti0lyo))-.

0Q(tiolyo)
gal T Q-
0190 ). 1 Cbody(k)) t, €body(k)\ {t:}

ZQ(Chk|y0) Z Htjo € th(pa,y,_ ) U (s, chi, yo)

chy sei(r(k))
where
Ht/-etb(pa ) Q(t”yo) 1
Ul(s, chi,yo) = Q(Ch, = chy|yo)bt(pa,, [y : che +1
( ¥ O) ( | O) ( hS[ O]) N(T(k)) HHdT(k):cth'rue
Proof.
OEP(t;, yo) 0log P(x[yo],t, ch)

9Q(tiolyo) Eocr it o)l 9Q(tiolyo) Wi =t} =
Eqen, Tt ) [Q(y0)F (yo, ech(tio), et(tio)){ti = tio} =
QWo)Eq(cH, T\t y0) [F (Yo, ech(tio), et(tio))]{t: = tio}

10



EQ(cH,T|ti0,y0) [F (W0, ech(tio), et(tio))] =
> Q(ch, tlyo) F(yo, ech(tio), et(tio)) =
Ch,t\{tig}
> Qeh,tlyo)Qwo) Y. > QICH, = chylyo)bt(pa, [yo]) -
ch,t\{tio} keb(tio,yo,x[yo],t) s€i(r(k))

Ht; Etb(Pachs)\{tio} Q(t; |y0)1{t]0 € tb(paCh‘J} ( 1 + 1) _

N(r(k))
Q(yo) Z H Q(t5]yo) ZQ(Ch|yo) Z Q(Ch = chy|yo)bt(pacy, [yo]) -

k,t;€body(k)) tj€body(k)\{ti} ch s€i(r(k))
ILis ctvipa,, 0y QF5190)1{Ej0 € th(pacy, )} ( 1 N 1)

9Hd7,(k):chk|true

N(r(k))
Qo) >, 11 Q(tilyo) > Qlchilyo) Y Q(Ch, = ch|yo)bt(pa, [yo]) -

k,t:€body(k)) t; €body (k)\{t:} cha sei(r(k))
I ctvia,, N\ (0} Q1Y) HEj0 € th(pacy, )} ( 1 N 1) _

0HdT(k):chk|true

N(r(k))
Q(yo)
e Q(t;lvo) -
Q(tiolyo) k,t,;e%;y(k)) tjebodgf)\{ti} ’

> Qlehilyo) D Utjo € th(pag, )}U (s, chi, yo)

chy, sei(r(k))

eHdT(k):cthrue

where

Uls,chas o) = Q(CH, = chelyo)bt(Pac, o)) —— {70

Ht; ctb(pa,y, ) Q<t9|y0) 1
s + 1
0Hdr(k):chk|true

O

Theorem 1 (Derivatives of G with respect to Q(ch;ly) and Q(t;|y)). Overall, the derivative
of G with respect to ch; and t; are:

8Gchi,y(Q>’7) —

9Q(chily)
1 —
~ Oy +Qy)(1 — Q(chily)) (Q(CfZ) +YEQ(CH,T|chs o) [P (Y05 Chi(iy),chios tb(pacht(i’yo)))]>
aGti,y(Qa’}/) _ 1 . 1_77 . .
et ) o 4 QUL - Q) () + et (o, (). et
Proof.

dlog Q(ch;)  Q(yo) -
9Q(chiolyo)  Q(chy) 1{ch; = chio}

dlogQ(t;)  Q(yo)

TQ(talyo) ~ Qley) 1 o}
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In the following we need

O((1 — ) log Q(ch:) + YEP(chi, yo)) _
9Q(chiolyo)

I—v
Q(yo) <Q(ch-) Hehi = chio} + YEQ(cH. Tlehiuo) [P(Yo, Chiiy) chios tb(pachtu,ym))])

O((1 =) log Q(t:) + YEP(ti, o)) _
9Q(tiolyo)

Q(yo) <i2;£31{t1 = tio} + YEq(cH,T|t:,y0) [F (Mo, ech(tio), et(tio))]>

Let us write log Zcu (4, yo,7)

log Zcm (i, yo,7) = log Y _ e 77108 Qe HoER(ehi o)
ch,

dlog Zcu(i,y0,7) _
0Q(chiolyo)
1

He(1=7) log Q(chy)+YEP(ch},yo)

Zen(i,yo,7) ; 9Q(chiolyo)
;l Z e(lffy) log Q(ch})+~+EP(ch),yo) 8((1 — ’7) IOg Q(Ch;) + VEP(Ch;a yO)) _
Zcu(i, yo,7) o 9Q(chiolyo)
1
- ch)' ™7 exp(EP(chl, yo)?
Zcu (i, Y0,7) ;Q( ) P(EP(ch;. yo)")

9((1 = ») log Q(chi) + YEP(chi, yo)) _
9Q(chiolyo)
11,y O = ) log Q(chi) + yEP(chi, yo))
;Q(CthyO) 3Q(Chzo\y0)

O((1 — ) log Q(chio) + YEP(chio, yo))
9Q(chiolyo)

Q(chiolyo)

Let us write log Zr (i, yo,7)

log Z2(i, 0 ) = log 3 (1108 Qe 220w

t

alog ZT(ia Yo, ’Y) _
9Q(tiolyo)
He(1=7) log Q(t7)+YEP(t;,y0)

1
Zr(i,90,7) Z 9Q(tiolyo) -

’
ti

1 Z (1) 1og Q(t)+7EP(t] y0) I((1 =) log Q(t;) + vEP(t], yo)) _
Zr(i,Y0,7) 9Q(tiolyo)

&

12



—7)1og Q(t;) + VEP(t;, 30)) _

ZQ )17 exp(EP(t], y0)" )8((1

(4,90, 9Q(tiolyo)
, 8 — ) log Q(t;) + vEP(t],y0))
ZQ(tzlyO) 6Q(ti0|y0) -
} (1 — ) log Q(tio) + YEP(t:0,%0))
Qltioluo) 5Qtoly0)

Thus, using the results obtained in Equations 2 and 2, the derivative of the G functions with respect
to Q(chi|y) and Q(t;|y) are

8Gch1ﬁ7y(Qa’7) _
0Q(chily)
L 01 =)o Q(chi) +ER(chi,y)
Q(chily) 0Q(chily)
Q(chily) O((1 —7) logaQQ((cZZ@MEP(chi, y) _
1 — Oteh o QUL = 1) log Q(chi) + vEP(chi,y)) _
" Qletaly) T @k 2Qchily)
1 1-7
o Q(y)(1 — Q(chily)) (Q(chi) +7EQ(CHchi,pachi)[D(yovCht(i,y),chm»tb(Pachtu‘yo)))])
0G14(Q.7) _
0Q(tiy)

1 (1 —v)log Q(t:) + 7EP(ti, v)) 0 =) log Q(t:) +1EP(ti,y)
Q) T oQ(t1y) ~ Qly) oQ(t1y) -
1 (1= 4) log Q(t) +1EP(t,y) _

) + (1= Qlaly) 0Q(t1y)
g+ Q0= Qi) (52 + vEoem il echtta).t(tn))]
Overall, the derivative of G with respect to ch; and ¢; are:
aGchi,y(Qa'y) —
0Q(chily)
1 1—7v
~ G + QA = Q) ( 5+ Eaemmin, e P, i 1P, )]
athy(Qa ’Y) 1

- oW Q) (1 )+ VBt F oo ceh(tn), €t(ti0))])

0Q(tily) Q(tsly) Q(t:)

Theorem 2 (Derivatives of G with respect to 7).

8Gchi,y (Qa 7) _

8’7 - IOg Q(Chz) + ]EIPI(Chia y) - EQ(C}L;IZ}) [EP/(Chév y)] - log Q(Ch;)}

13



where

EP'(ch;,y) =
I[I Qv I0g0na,, =chipa,,, W]1{body(pac,) = true} +
tj€body(r(i))
o( Z H Q(t;ly)1{body(pa.y,,) = false,ch; # null} +

T
ch;

R(i,ch,y) + 1{ch; = z;[y], val(ch;)[y] = false} + Q(T; = false|y)1l{ch; =t;,t; = false})

tj Epag‘hi t;Epa,

R(i,ch,y) =
> I Qchs #xlylly) +

Jj€p(3),x;[y]l=true,ch;#x;y] chs €pa,; ,8F£1

> [l Qchs #tl9)QT; = truely)

j€p(i),tj=true,ch;#t; chs Epatj ,SF#1

aGti,y(Qa ’Y)

oy = —log Q(t:) + EP'(ti,y) — Equ 1y [EP' (], y) — log Q(t;)]

where
E]P/(ti, y) =
Z Z Q(Chk?|y) H Q(tj |y) lOg aHdT(k):chk [true +

kebb(t;,y) chr#null tj€body(k),t;#t;

5SSty + [ @QChs #tily){t: =true}s +

Chsg €pa,,

(1— 11 Q(Chsgétiy)) {t; = false}s

Chs €pay,

S(i,t,y) =
Y. Q@ =nullly)y I Qly) +
kebb(ti,y) tj€body(k),t;#ti
S Q(Chy, # nullly) (1 11 Qtjly) | +
kebb(ts,y) tj€body(k),t;#t;
3 Q(Chy # nullly) +
k,body(k)[y]|=true,t; €body(k)
3 Q(Chy # nullly)

k,body(k)[y]=false,t; Ebody(k)
and § ~log0 (e.g. 6 = —/10),
Proof.

0 IOg ZCH(ia Y, 7)
2l
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1 6(1*“/) log Q(ch})+~EP(ch’,y) a((l — ’7) log Q(Ch;) + 7E]P)(Ch;7 y)) _

Zen(i,y,7) 4 v

ZCH (49,7 ”

> Qchily) EP(C% y) — log Q(ch})) =

ch,
Eq(ch, |y [EP(chi, y) —log Q(ch;)]

6Gch1 »Y (Q? rY) _
Oy

810g ZT(i7 Y, 7) _
vy

= —log Q(ch;) + EP(chi,y) — Eqcn: |y [EP(chi, y)

ZQ (chl)*YEP(chl,y)" (—log Q(ch’) + EP(chl,y)) =

—log Q(chj)]

1 Z o(17) log Q(£) +7EB(#}.y) (1 — ) log Q(t;) + VEP(t, y)) _

Zr(i,y,7) % 9y

1 1—v !
mZQ( D' TTER(t, y)Y (— log Q(f) + EP(t;, y)) =

> Qy) (EP(t,, y) —log Q(t])) =
"
Eqt,1y) [EP(ti,y) — log Q(t;)]
9G,4(@7) _
vy

Let us now see how to compute EP(ch;,y)

EP(Chi7 y) = IEQ(CH,T|chi,y) [log P(X[y], T7 CH)] =

ch,ch[i|#ch;,t k J

Z Z Q(Cha t‘Chia y) log eHdr(k):cthachk [y] +

k ch,ch[i]#ch;,t

Y. > Qlehtlchy)loghypa, [y] +

Jj  ch,ch[i]#ch;,t

Y. Y Qlchtlchi,y)logbi,pa, =

k ch,ch[i]#ch;,t

Yo I QGlvlogoua,, =chipa,,, W] +

tepach; t; EpPay,

> Q(chi, tlchi, y)10g Ona, .y =chylpa,,, (Y] +

k#i chy, tepacy,,

Z Z Q(Chwj |Chia y) IOg Ha:j |pazj [y} +

7 pa,\{ehi}

Z Z Q(Chtk|6hiay) IOg 9t19|pat)c =

k pa,, \{chi}

15

= —log Q(t;) + EP(t;, y) — Equ|y) [EP(t], y) —

Z Q(Cha t|chi7 y) (Z IOg aHdr(k):chk \pachk [y] + Z log 97"] \pazj [y]

log Q(t7)]

+ Z log 9tk‘|patk) =
k



Z H Q(t] |y) IOg 9Hdr(i):chi\pachi [y] +

tepag,; tj€pacy;

Z Z Q(Chka t|chiv y) 10g 9Hd,.(k)=chk|pachk [y] +

k#i chy ,tEpaChk

Z Z H Q(Chs |y) log axj |pamj [y] + Z Z Q(Ch’tk ‘Chia Z—,I) lOg etk|patk

i pa, \{chi} ch.€pa, si k pa, \{chi}
So EP(ch;,y) can be computed without inference. Let us write EP(ch;,y) as
EP(ch;,y) = EP1(ch;,y) + EP2(y)
where EP5(y) does not depend on ch; and
EP: (chi,y) =
Yo 11 Qly)iogbua,=chipa,, [v]+

tepa;,; tj€pacy,

> X [T Qhly)iogh,, pa, v +

JEP(i) pa, \{ch;} chs Gpamj ,8F1

> > I QhlnQityioghpa, ]

jep(i) pa, \{chi}t; chs€pa, 571

where p(i) = {j|ch; € pa, } = val(ch;) \ {null}.
E]P)l (Chia y) =

[T Qv loghua, =ch.ipa,, WI1{body(pa,) = true} +
tj€body(r(i))

> I Qly)i{body(pa,y,,) = false,ch; # null}s +

7] EpacTh’i ty Epa’crhi

> > I Qhsly)s+

jEp(i),z;ly)=true pa, \{chi}.z;lyl¢val(pa, ) ch.€pa, s#i

> > II  Qehdys+

j€p(i),x;[y]|=rfalse pa,, \{chi},z; [y]E'Ual(pazj ) chs €pa,, ,8F1

> > I Qehln)QT; = truely)s +

JjEP(i),tj=true pa;, \{chi}.t; €val(patj ) chs Epawj ,8F1

2 2 [I  QhlnQT; = falsely)s =

jep(i),t;=false pa, \{ch;}.t; Eval(patj ) chsEpaxj , 574

[T Qv I10g0na, . ~chipa,,, [v]1{body(Pacy,) = true} +
tj€body(r(i))
s > JI @ly)i{body(pa,,,) = false,ch; # null} +

t; Gpa;rhi t; Gpa'crhi

> > 1 Qhdy +

Jjep(i),x;[y]=true pa,, \{chi},z; [y]€val(pamj ) chsepawj ,8F1

> > [ Qhly+

j€P(i),x;[y]=rfalse pa,, \{chi},z; [y]eval(pamj ) chg Epan ,8F1

16



> 3 1 Qhly)QT; = truely) +

jEP(i),tj=true pa;, \{ch;}.t; Qval(pati ) chg Epazj 870

Z Z H Q(chsly)Q(T; = falsely)) =

jep(i),t;=false patj \{chi},t; Eval(patj) chg Epam] ,SF1

H Q(t;1y)10g Ona, i =chilpa,,, [v]1{body(pa.y,) = true} +
tj€body(r(i))
o > I Qulyni{vody(pay,) = false,chi # null} +

tj Epa;rhi tj epa-crhi

> > I Qehsly)ifchi # 2} +

jen(i)aslyl=true pa, \{ch:},z;[y]¢val(pa, )\{ch:} chs€pa,  si

> > [T Qhly) +

jep(i),x;lyl=Ffalse pa, \{ch:}z;ly]cval(pa, )\{ch:} chs€pa, ,s#i

> [T Qehdyifch = =y} +

j€p(i),x;[y]=rfalse pa,, \{ch;} chSEPazj 871

3 > I[I  QehrdnQT; = truely)i{chi # t;} +

jEP(i),tj=true pa,, \{chi},t; €val(patj NA{ch;:} chsepa% ,87F1

> > I[I QhrdyQ(T; = faisely)) +

jep(i),t;=false pa, \{ch;},t; €val(patj \{ch;}) chs €pa,; ,8F1

> > [T Qhly)QT; = falsely)1{ch = t;} =

jep(i)tj=false pa, \{chi} chsEpa, 57

[ Qsln)1080ma . —nipn, b1 {body(pa,) = true} +
tj€body(r(i))
o( Z H Q(t;ly)1{body(pa.y,) = false,ch; # null} +

T T
tj Epachi tj epachi

Z Z H Q(chs|ly)l{ch; # x;} +

jEp(i)se; [yl =true pa, \{chi},z;ly]¢val(pa, )\(chi} chicPa, .s7i

> > II Qehdly) +

jep(i),z;lyl=ralse pa, \{chi},zj[ylcval(pa,  )\{chi} chs€pa, ,s#i
Z {ch; = z;[y]} +
jep(i),x;[y]=rfalse
3 > [T  QhlyQ(T; = truely)t{ch; # t;} +

jep(i),tj=true pa,, \{chi}.t; &val(pat] NA{ch;:} chsepawj ,8F1

> 3 I Qhdy)QT; = falsely)) +

j€p(i),t;=false pa; \{chi},t; Gval(patj \{chi}) chs Epawj ,SF#£1
Y. QI = falsely)l{ch; = t;}) =
jep(i),t;=false

[T Qv I10g0na,, =chipa,, [v]1{body(Pacy,) = true} +
tj€body(r(i))

17



5 Y. I Qly)1{body(pa,y,) = false, chi # null} +

tj€pal, t;€pal,

> > I[I  Qhdyi{ch #=;} +

jep(i),z;lyl=true pa, \{chi},a;[y]gval(pa, )\{chi} chsEpa, ,s#i

> > [T Qehly) +

jEp(i),z;ly)=False pa, \{chi},z;lyl€val(pa,, )\ {ch:} ch.€pa,  si

3 > [T QehlnQ(T; = truely)1{ch: # t;} +

jeP(i),tj=true pa,, \{chi}.t; &val(patj NA{ch;:} chsepawj ,87F1
[T QChlyQT; = falsely)) +
jep(i),t;=false pa, \{chi},t; Gval(patj \{chi}) chs €pa,; ,$F£1
{ch; = z;[y], val(ch;)[y] = false} +
Q(T; = falsely)1{ch; = t;,val(ch;) = t; = false})

where § is used to approximate log0 (e.g. § = —10). Let

EP'(ch;,y) =

IT Qlylog OHd, 4 =chilpa,,, [V]1{body(pa,,) = true} +
tj€body(r(i))

5 Y. I Qly){body(pa,y,) = false, chi # null} +

T T
tjepachi tjepanhi

> 2 [T Qehy)i{chi #a;}+

j€p(i),z;[yl=true pa, \{ch:},z;[yl¢val(pa, )\{chi} chs€pa,  ,s7i
> > [T  Qhdn)Q(T; = truely)1{ch; #t;} +
jEP(i),tj=true pa;, \{chi},t; Qval(patj N\{chi} chs €pa,; , 571
1{ch; = z;[y], val(ch;)[y] = false} +
Q(T; = falsely)l{ch; = t;,val(ch;) =t; = false}) =

[T Qv ioglna,, =chiipa,,, W]1{body(pac,,) = true} +
tj€body(r(i))

s > JI @ly)1{body(pa,,,) = false,ch; # null} +

T T
t; €pach’i t; €pachi

S 11 3 Qehaly)1{chi # z;} +

jEp(i),o;ly]=true cho€pa,  s#ipa, \{chi},o;[y]gval(pa,,)\{chi}

S| 5 QUehuly)QUT; = truely) {chi # 1;} +
JjEP(i),tj=true ch,sepatj ,8F1 pa;, \{chi}.t; €val(patj N\A{ch:}
{ch; = z;[y], val(ch;)[y] = false} +
Q(T; = falsely)1{ch; = t;j,val(ch;) =t; = false}) =

[T Qv 10g0na,, =chipa,,, WI1{body(pac,,) = true} +
1 Ebody(r(i))

o( Z H Q(t;ly)1{body(pa.,,) = false,ch; # null} +

T
ch;

t;Epa t,-Epa"thi
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> I Qhs #ally) +

j€P(3),x;[yl=true,ch;#z;y] chs Epazj 870
> I @Qehs # tlw)QUT; = truely) +
jEP(3),t;=true,ch;#t; chs €patj ,8F1
1{ch; = z;[y], val(ch;)[y] = false} +
Q(T; = falsely)1{ch; = t;,val(ch;) = t; = false})

and

EPs(y)

:Z > [T Qhdly +

j€p(i),x;[y]=rfalse pa,, \{chi},x; [y]€val(pamj NA{ch:} chsépawj ,87F£1

> 3 [I  Qehdy)QT; = falsely))

jep(i),tj=false pa, \{chi}.tjcval(pa, \{chi}) chs€pa, ,s71

where EP3(y) does not depend on ch; EP(ch;,y) = EP'(chi,y) + EPs(y) + EP3(y) = EP'(chy, y) +
EP”(y) and EP”(y) does not depend on ch; Let

R(i,ch,y) =
> I Qchs#x;lylly) +
jep(i),x;[y]=true,ch;#x;[y] chSGpamj ,8F1
> [T Qs #tly)QT; = truely)
JjE€p(i),tj=true,ch;#t; chs €pay; 571
then
EP'(ch;,y) =
II Qlyilog OHd, oy =chilpa,,, [V]1{body(Pa,,) = true} +
tj€body(r(i))
o( Z H Q(tjly)1{body(pa,y,,) = false, ch; # null} +
tjepag,, t;€pag,.
R(i,ch,y) + H{ch; = z;[y], val(ch;)[y] = false} +
Q(T; = falsely)l{ch; = t;,val(ch;) =t; = false})
So

aGchi,y(Q7 7) _
v
—log Q(chi) + EP'(chi,y) + EP" (y) — Eq(cntjy) [EP' (chi, y) + EP” (y) — log Q(chy)]
—log Q(chy) + EP'(chi, y) + EP"(y) — EP"(y) — Eq(cht 1) [EP' (chy, y) — log Q(ch;)]
—log Q(chi) + EP'(chi,y) — Eqen: 1) [EP' (chi, y) — log Q(chy)]

Let us now see how to compute EP(¢;,y)

]EQ(CH,T\ti,,y) [IOg P(X[y], Tv CH)] =
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Z Q(ch, t|ti, y)( Z IOgeHdT(M:chMpachk‘f' Z IOgeHdT(i):chk\pachk‘i'

ch,t#t; keb(ti,y) keb(ts,y)
Zlog Ou,ipa, W]+ Y 10804, jpa, +10804pa, ) =
k#1

Z Z Q(ch, tfti, y) log eHdT‘(k‘):Chklpachk +
kebb(t;,y) ch,t\t;

Z Z Q(Ch’ t|tia y) log ngT(i):Chk‘lpachk +
k&bb(t;,y) cht#t;

Yo D Qlehtltiy)1ogbipa, + D D Qch,tlti,y)logb, pa, +

j ch,t#t; k#i ch,t#t;
Y Qlch,t|t;,y)log by, pa, =
ch,t\t;
Z Z Q(chly) Z H Q(t;ly) log ng"'(k)ZChklpachk +
kebb(ti,y) chy tebody(k),t#t; t;€body(r(k)),t;#t;
> D Qehly) . II  Qly)logua,=ctiipa,,, +
kgbb(t;,y) chi tebody(k),t#t; t;€body(r(k)),t; #t;
DD Qpa, [9)loghipa, + D Y QPay,[y)1080: pa, + D QPay[y)108 04 pa,,
i Ppay, ki pay, pa,,

where body(k) body of the rule for chy, body(k)[y] the portion of body restricted to X variables
taking the values x[y], bb(t;,y) = {k|body(k)[y] = true,t; € body(k)}.
So EP(t;,y) can be computed without inference.

EP(t;,y) = EP1(t;,y) + EP2(y)

where EPs(y) is

EPy(y) =) Z Qpay, [y)10g0s,1pa, + D D Qpay,[y)10g 0, pa,,

i Pag k#i pa,,

and it does not depend on ¢; and

E]P)l (tia y) =
SN Qehly) Y 1T Q(tj1y) 108 Ora, o =chylpa,,, +
kebb(ti,y) chi tebody(k),t#t; t;€body(k),t;#t;
Z Z Q(chily) Z H Q(tjly)log brd, ;) =chslpa,,, +
kegbb(t;,y) chy tebody(k),t#t; t;€body(k),t;7#t;
Z Q(pat7 |y) log oti|pati =
pa;,
SN Qehly) D 11 Q(t;ly)1og Ora, . =chyIpa,,, +
kebb(t;,y) chi tebody(k),t#t; t;€body(k),t;#t;
> > Qlehly) > 11 Qt;ly)logOra, ) =chlpa,,, +
k&bb(t;,y),T;€body (k) chy tebody(k),t#t; t;€body(k),t;#t;
> > Qehily) > 11 Qt;ly)log Ora, ;) =chlpa,,, +
k&bb(t;,y),T;¢body (k) chy tebody(k),t#t; t;Ebody(k),t;#t;
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> Q(pay[y)10gbsjpa,,

S
SO E]Pl (ti, y)
E]P)l (ti, y) = EIP/(tZ-7 y) + E]Pg(y)
where EP3(y) is

EP3(y) =

Z Z Q(chyly) Z H Q(tj1y)10g Ord, ;) =chs|pa,,

k&bb(t;,y),T;¢body(k) chi tebody(k),t#t; t;€body(k),t;7#t;
and it does not depend on ¢; and
}E[P/(ti7 y) =

Z Z Q(Chk |y) Z H Q(tj |y) log oHdr(k):Chklpachk +

kebb(t;,y) chi tebody(k),t#t; t;€body(k),t;#t;

Z Z Q(chily) Z H Q(tj ly) log GHdr(k):Chk Ipa.s, +

kgbb(t;,y),T; €body (k) chy tebody(k),t#t; t;€body(k),t;7#t;

> Q(pay,[y)10g 0, pa, =

a
pag,

Z Z Q(Chk‘y) H Q(t]|y) IOg eHdr(k):chk\true +

kebb(t;,y) chr#null t;ebody(k),t;#t;

Y. Qe =nullly) [[  QElys+

kebb(ti,y) tj€body(k),tj#t;

S Q- [ Qs+

kEbb(ts,y) chy#null t;€body(k),t;#t;

> > Qchily) Y 1T Q(tjly)10g Ona, o =chylpa.,, +

kgbb(t;,y),T;€body(k) chy tebody(k),t#£t; t;Ebody(k),t;#t;

Z H Q(chsly){t; = true}d +

pag; Tigpa,, chscpay;

Z H Q(chs|y){t; = false}d =

pa,, Ny €pa,, chs €pay,

Z Z Q(Chk)‘y) H Q(t_]|y) log aHdr(k):chk\true +

kebb(t;,y) chr#null tj€body(k),t;#t;
Yo QChi=nully)y [ Qs+
kebb(ti,y) tjebody(k),tj#t;
Yo QCh#Fnully)(1- [ Qly)s+
kebb(ts,y) tj€body(k),t;#t
Z Q(Chy, # nullly)d +
k,body(k)[y]=true,t; €body (k)
Z Q(Chy, # null|y)d +

k,body(k)[y]=false,t; Ebody(k)

H Q(Chg # ti|y){t; = true}d +

Chsepati
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(1 - JI @ch,# tiy)) {t; = false}d =

Chg €pay,

Z Z Q(Chk?‘y) H Q(tj|y) IOg eHdr(k):chk\true +

kebb(t;,y) chr#null tj€body(k),t;#t;
0 Y, QCh=mnullly) [ Qv+
kebb(ti,y) tj€body(k),t;#t;

S Q(Chy # nullly) (1— 11 Q(tjly))+

kebb(ti,y) tj€body(k),tj#t;
> Q(Chy, # nully) +
k,body(k)[y]=true,t;€body(k)
> Q(Chy, # nullly) +

k,body(k)[y]=false,t; Ebody(k)

H Q(Chs # ti|y){t; = true}d +

Chsepati

(1 - H Q(Chs # tiy)) {t: = false}o

Chg Gpati

Let
S(i,t,y) =
Y. Qe =nullly)  [[ Qv+

kEbb(ti,y) t; €body (k) t;#t:

Y. QCh#Fnullly)1—- I Qly) +

kEbb(ti,y) t;€body(k).t; #t;

> Q(Chy # nullly) +

k,body (k) [y]=true,E; €body (k)
Q(Chy, # nullly)
k,body (k) [y]= false,t; Ebody (k)
then
EP'(ti,y) =
Z Z Q(chily) H Q(t;y)1og Ona, ., =chy|true +

kebb(t;,y) chr#null tjebody(k),tj#t;

5(SGty)+ [ QChs #tily){t: = true}s +

Chs€pa,,
(- JI @Chs#tilw){t: = false}s
Chsepati
So
9Guy(Q.7) _
Oy
—log Q(t:) + BP'(ti,y) — Equrjy) [EP' (¢}, y) — log Q(t;)]
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Eq(chi y)[l0g Q(chs) ZQ (chily) log Q(ch)

EQ(t ‘y)[logQ ZQ (tily) log Q(t;)

Now that we have the optimization direction, we have to decide the size of the step to take.
Theorem 3 (Expression of I5(CH, T;Y)).

Io(CH, T;Y) =
> 30> Q)Q(chily) (log Q(chily) — log Q(chy)) +

i ch; Y
ZZZQ Q(tily)(log Q(tily) — log Q(t:))
Proof.

Io(CH, T;Y) =
—ZEQ log Q(CH;)] ZEQ log Q(T, +ZJEQ log Q(CH;|Y)] +ZJEQ log Q(T;|Y)] =

_ZZQCh ly)Q(y) log Q(ch;) ZZQﬂy y) log Q(t:) +

i chi,y ity
>0 Qehily)Qy) log Q(chily) + Y Y~ Qtily)Q(y) log Q(tily) =
i ch;,y ity
D30 Q)Q(chily) log Q(chily) — Q(chily)Q(y) log Q(chi) +
i ch; Yy

ZZZQ Q(t:ly) log Q(tily) — Qt:]y)Q(y) log Q(t;) =
ZZZQ Q(chily)(log Q(chily) — log Q(chy)) +

i ch; Yy

ZZZQ Q(tily)(log Q(ti|y) — log Q(t:))

Theorem 4 (Derivatives of Io(CH, T;Y) with respect to Q(chi|yo) and Q(tio|yo))-

W = Q(yo)(log Q(chio|yo) — log Q(chio))
W = Q(yo)(log Q(ti0|yo) — log Q(tio))
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Proof.

Olg(CH, T;Y)  0Eq[log Q(CH,)] n OEq[log Q(CHilyo)]
9Q(chiolyo) 9Q(chiolyo) 9Q(chiolyo)
—Q(yo)(log Q(chio) + 1) + Q(yo) (log Q(chiolyo) + 1) =
Q(yo)(—1log Q(chio) — 1+ log Q(chiglyo) + 1) =
Q(yo)(log Q(chiolyo) — log Q(chio))

o(CH, T;Y)  9Eq[log Q(T)] | OEq[log Q(Tilyo)] _

9Q(tiolyo)  9Q(twolyo) 9Q(tiolyo)
—Q(yo)(log Q(tio) + 1) + Q(yo)(log Q(tiolyo) + 1) =
Q(yo)(—1log Q(tio) — 1+ log Q(tiolyo) +1) =
Q(yo)(log Q(tiolyo) — log Q(tio))
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